Abstract. We study actions of linear algebraic groups on finite-dimensional central simple algebras. We describe the fixed algebra for a broad class of such actions.
Introduction
Let k be an algebraically closed base field of characteristic zero, K/k be a finitely generated field extension, A/K be a finite-dimensional central simple algebra and G be a linear algebraic group defined over k. Suppose G (more precisely, the group of k-points of G) acts on A by k-algebra automorphisms. We would like to describe the fixed ring A G for this action, both in terms of its intrinsic structure (for example, is it simple?) and in terms of the way it is embedded in A (for example, is the center of A G contained in K?).
The goal of this paper is to give detailed answers to these and related questions in terms of geometric data, for a particular type of G-action on A which we call tame. We give a precise definition of tame actions in Section 2, and we show in Section 4 that many naturally occurring actions belong to this class. To every tame action one associates a subgroup S of PGL n (defined up to conjugacy), which we call the associated stabilizer. If the associated stabilizer S is reductive, we say that the action is very tame.
To state our first main result, let K be a finitely generated field extension of k. As usual, we shall say that an algebra A/K is a form of A 0 /k if the two become isomorphic after extension of scalars, i.e., A ⊗ K L ≃ A 0 ⊗ k L for some field extension k ⊂ K ⊂ L.
Theorem. Consider a tame action of a linear algebraic group G on a central simple algebra
A of degree n with center K, with associated stabilizer subgroup S ⊂ PGL n . Then the fixed algebra A G /K G is a form of M Here S ⊂ PGL n is acting on the matrix algebra M n by conjugation, and M S n = (M n ) S denotes the fixed subalgebra for this action. In the case where the G-action on A is very tame, one can describe M S n (and thus A G ) more explicitly. In this case the associated stabilizer subgroup S ⊂ PGL n is, by definition, reductive, and hence so is the preimage S * of S in GL n . We shall view the inclusion φ : S * ֒→ GL n as an n-dimensional linear representation of S * .
Corollary. Consider a very tame action of a linear algebraic group G on a central simple algebra
A of degree n with center K, and let φ be as above. Then For a more detailed description of A G , in terms of the irreducible decomposition of φ, see Section 8.
We now return to the setting of Theorem 1.1. Let G be a linear algebraic group, A/K be a central simple algebra of degree n and ψ be a tame action of G on A, with associated stabilizer S ⊂ PGL n . Since Theorem 1.1 asserts that A G /K G is a form of M S n /k, it is natural to ask which forms of M S n /k can occur in this way. Note that here n and S ⊂ PGL n are fixed, but we are allowing A, G and ψ to vary.
Our answer to this question will be stated in terms of Galois cohomology. If G is an algebraic group defined over k, and K/k is a field extension, we write H 1 (K, G) for the Galois cohomology set H 1 (Gal(K), G(K sep )), where K sep is the separable closure of K and Gal(K) = Gal(K sep /K) acts on G(K sep ) in the natural way; cf. [S 1 , Chapter II].
For any field extension F/k, the isomorphism classes of the F -forms of a k-algebra R are in a natural 1-1 correspondence with H 1 (F, Aut(R)); see [KMRT, §29.B] or [S 2 , Proposition X.4]. Here, Aut(R) is the algebraic group of algebra automorphisms of R. (Recall that we are assuming throughout that char(k) = 0.) If B is an F -form of R, we will write [B] for the element of H 1 (F, Aut(R)) corresponding to B.
The normalizer N = N PGL n (S) naturally acts on the k-algebra M S n (by conjugation). Since S acts trivially, this action gives rise to a homomorphism α : N/S → Aut(M S n ) of algebraic groups.
1.3. Theorem. Let F/k be a finitely generated field extension, S ⊂ PGL n be a closed subgroup and B be an F -form of M S n /k. Then the following are equivalent.
(a) There exists a tame action of a linear algebraic group G on a central simple algebra A of degree n with center K, with associated stabilizer
lies in the image of the natural map
) . The rest of this paper is structured as follows. In Section 2, we introduce tame and very tame actions. In Section 3 we prove a preparatory lemma and explain how it is used later on. Sections 4 and 5 are intended to motivate the notions of tame and very tame actions. In Sections 7, 8 and 9 we prove Theorem 1.1, Corollary 1.2 and Theorem 1.3 along with some generalizations. In the last section we illustrate Theorem 1.3 with an example. This example shows, in particular, that every finite-dimensional semisimple algebra (over a finitely generated field extension of k) occurs as A G /K G for some very tame action of a linear algebraic group G on some central simple algebra A with center K; see Corollary 10.4.
Notation and Terminology. We shall work over an algebraically closed base field k of characteristic zero. All fields will be assumed to be finitely generated extensions of k. By a variety we shall mean a reduced k-scheme of finite type. All varieties, algebraic groups, group actions, morphisms, rational maps, etc., are assumed to be defined over k. By a point of an algebraic variety we shall always mean a k-point. We will often identify an algebraic group G with its group G(k) of k-points. Every central simple algebra is assumed (by definition) to be finite-dimensional over its center.
We denote by M n the algebra of n × n matrices over k. If S is a subgroup of PGL n , we denote by M S n the fixed algebra for the conjugation action of S on M n . Throughout, G will be a linear algebraic group. We shall refer to an algebraic variety X endowed with a regular G-action as a G-variety. We will say that X (or the G-action on X) is generically free if Stab G (x) = {1} for x ∈ X in general position.
Tame actions on central simple algebras
Tame actions are a special class of geometric actions. To review the latter concept, we need to recall the relationship between central simple algebras of degree n and irreducible, generically free PGL n -varieties.
If X is a PGL n -variety, we shall denote the algebra of PGL n -invariant rational maps X M n by RMaps PGLn (X, M n ). The algebra structure in RMaps PGLn (X, M n ) is naturally induced from M n , i.e., given a, b : X M n , we define a + b and ab by (a + b)(x) = a(x) + b(x) and ab(x) = a(x)b(x) for x ∈ X in general position. If the PGL n -action on X is generically free, then RMaps PGLn (X, M n ) is a central simple algebra of degree n, with center k(X) PGLn ; cf. [Re, Lemmas 8.5 and 9.1] . In this case we will sometimes denote this algebra by k n (X). As this notation suggests, k n (X) shares many properties with the function field k(X) (see [RV 2 ]); in particular, the two coincide if n = 1. Under our hypotheses, every central simple algebra of degree n is isomorphic to k n (X) for some irreducible generically free PGL nvariety X; see [RV 2 , Theorem 1.2].
Suppose that X is a G × PGL n -variety, and that the PGL n -action on X is generically free. Then the G-action on X naturally induces a G-action on k n (X); see [RV 3 ]. Following [RV 3 ] we will say that the action of an algebraic group G on a central simple algebra A/K is geometric if A is Gequivariantly isomorphic to k n (X) for some G × PGL n -variety X as above. The G × PGL n -variety X is then called the associated variety for the Gaction on A. This associated variety is unique up to birational isomorphism of G × PGL n -varieties, see [RV 3 , Corollary 3.2] .
Note that the center of k n (X) is k(X/PGL n ). So a central simple algebra A/K cannot admit a geometric action unless K is finitely generated over k. For this reason we will only consider central simple algebras whose centers are finitely generated extensions of k throughout this paper.
The class of geometric actions on central simple algebras is rather broad; it includes, in particular, all "algebraic" actions; see [RV 3 , Theorem 5.3] . Roughly speaking, an action of G on A is algebraic if there is a G-invariant order R in A such that G acts regularly ("rationally") on R. For details, see [RV 3 ].
Consider a geometric action ψ of a linear algebraic group G on a central simple algebra A, with associated G × PGL n -variety X. Given x ∈ X, denote by S x the projection of Stab G×PGLn (x) ⊂ G × PGL n to PGL n . 2.1. Definition. (a) We shall call the action ψ tame if there is a dense open subset U ⊂ X such that S x is conjugate to S y in PGL n for every x, y ∈ U . In this case we shall refer to S x (x ∈ U ) as the associated stabilizer 1 for ψ; the associated stabilizer is defined up to conjugacy. (b) We shall call the action ψ very tame if it is tame and if its associated stabilizer is reductive. See Lemma 4.1 for an alternative description of tame and very tame actions. There exist non-tame geometric actions, and tame actions that are not very tame (see Proposition 5.1). However, informally speaking, many interesting actions are geometric and very tame; in particular, all geometric actions on division algebras are very tame. For details, see Section 4.
3. An exact sequence of stabilizer groups 3.1. Lemma. Let Γ be a linear algebraic group, N a closed normal subgroup, and π : Γ −→ Γ/N the natural projection. Suppose X is a Γ-variety, Y is a birational model for X/N (as a Γ/N -variety), and q : X Y is the rational quotient map. Then for x ∈ X in general position, the sequence of stabilizer subgroups
Proof. The sequence is clearly exact at Stab N (x) and Stab Γ (x), so we only need to show that the map 
3.2. Remark. In the sequel we repeatedly apply Lemma 3.1 in a situation, where Γ = G × PGL n and X is a Γ-variety with a generically free PGL naction. There are two natural choices of N here, N = G and N = PGL n (or, more precisely, N = G × {1} and N = {1} × PGL n ). Thus we will consider two rational quotient maps:
(a) Taking N = PGL n in Lemma 3.1 and remembering that the PGL naction on X is generically free, we see that the natural projection G × PGL n −→ G restricts to an isomorphism
where x ∈ X is in general position and z is the image of x in X/PGL n ; cf. [RV 3 , Lemma 7.1].
(b) On the other hand, taking N = G and denoting by π the natural projection G × PGL n −→ PGL n we obtain
where x ∈ X is in general position and y is the image of x in X/G, cf. [RV 4 , Lemma 2.3].
4. An alternative description of tame and very tame actions, and some examples
It follows from Remark 3.2(b) that if ψ is a geometric G-action on a central simple algebra A, with associated G × PGL n -variety X, then ψ is tame if and only if the PGL n -action on X/G has a stabilizer in general position S ⊂ PGL n , in the sense of [PV, p. 228] . Recall that this means that Stab PGLn (y) is conjugate to S for a general point y ∈ X/G, and that S is only well defined up to conjugacy in PGL n . Recall also that if ψ is tame, we called S the associated stabilizer for ψ; see Definition 2.1.
Note that the stabilizer in general position is known to exist under certain mild assumptions on the action; cf. [PV, §7] . Informally speaking, this means that "most" geometric actions on central simple algebras are tame; we illustrate this point by the examples below. In particular, if Stab PGL n (y) is reductive for general y ∈ X/G then, by a theorem of Richardson [Ri, Theorem 9.3 .1], X/G has a stabilizer in general position and thus the action ψ is very tame. For later use, we record some of these remarks as a lemma. 
Lemma. Consider a geometric action of a linear algebraic group G on a central simple algebra A with associated
G × PGL n -variety X.
Example.
A geometric action ψ on a central simple algebra A is very tame if (a) A is a division algebra, or (b) the connected component G 0 of G is a torus (this includes the case where G is finite), or (c) Stab G (z) is reductive for z ∈ X/PGL n in general position, or (d) G is reductive and the G-action on A is inner, or (e) A has a G-invariant maximalétale subalgebra.
Here by anétale subalgebra of A we mean a subalgebra of A which is a (finite) direct sum of finite field extensions of the center of A (since we are working in characteristic zero, these field extensions are necessarily separable).
Proof. Using Richardson's theorem (see the remarks before Lemma 4.1), part (a) follows from [RV 4 , Section 3], so we will focus on the other parts. Let X be the associated G × PGL n -variety, let x ∈ X be a point in general position, and let y and z be the images of x in Y = X/G and Z = X/PGL n , respectively, as in Remark 3.2. By Lemma 4.1, it suffices to show that Stab PGLn (y) is reductive for y ∈ Y in general position.
(b) For x ∈ X in general position, Stab G×PGLn (x) is isomorphic to a closed subgroup of G and is thus reductive; see Remark 3.2(a). Hence,
is also reductive for y ∈ Y in general position; cf. Remark 3.2(b).
(c) Let x ∈ X in general position. Since Stab G×PGLn (x) ≃ Stab G (z), it is a reductive group, and so is its homomorphic image Stab PGLn (y). The desired conclusion follows from Lemma 4.1.
(d) Here G acts trivially on Z(A) = k(X/PGL n ) and hence, on X/PGL n . Thus Stab G (z) = G is reductive for every z ∈ X/PGL n , and part (c) applies.
(e) By [RV 3 , Theorem 1.5(b)] for x ∈ X in general position there exists a maximal torus T ⊂ PGL n (depending on x) such that Stab G×PGLn (x) ⊂ G × N(T ), where N(T ) denotes the normalizer of T in PGL n . Thus the image π(Stab G×PGLn (x)) of Stab G×PGLn (x) under the natural projection π : G × PGL n −→ PGL n consists of semisimple elements and, consequently, is reductive. By Remark 3.2(b) Stab PGLn (y) and π(Stab G×PGLn (x)) are isomorphic. Hence, Stab PGLn (y) is reductive, and part (e) follows.
Examples of wild actions
The purpose of this section is to show that Definition 2.1 is not vacuous.
Proposition. (a) There exists a geometric action of an algebraic group on a central simple algebra which is tame but not very tame.
(b) There exists a geometric action of an algebraic group on a central simple algebra which is not tame.
Our proof of Proposition 5.1 will rely on the following lemma.
Lemma. Let G be an algebraic group and H a closed subgroup. Then for every H-variety Y (not necessarily generically free) there exists a G×H-variety X such that (i) the action of H = {1} × H on X is generically free, and (ii) X/G is birationally isomorphic to Y (as an H-variety).
Proof. Set X = G × Y , with G acting on the first factor by translations on the left and H acting by h : (g, y) → (gh −1 , hy). The G-action and the H-action on X commute and thus define a G × H-action. Conditions (i) and (ii) are now easy to check.
Proof of Proposition 5.1. (a) In view of Lemma 4.1, we need to construct a G × PGL n -variety X, with PGL n acting generically freely, and such that the PGL n -action on the rational quotient variety X/G has a non-reductive stabilizer in general position. By Lemma 5.2 (with G = H = PGL n ) it suffices to construct a PGL n -variety Y with a non-reductive stabilizer in general position. To construct such a Y , take any non-reductive subgroup S ⊂ PGL n and let Y be the homogeneous space PGL n /S.
(b) Arguing as in part (a), we see that it suffices to construct a PGL nvariety Y which does not have a stabilizer in general position. Richardson [Ri, §12.4] showed that (for suitably chosen n) there exists an SL nvariety Z with the following property: for every nonempty Zariski open subset U ⊂ Z there are infinitely many stabilizers Stab SLn (z), z ∈ U , with pairwise non-isomorphic Lie algebras. Clearly such an SL n -variety Z cannot have a stabilizer in general position. We will now construct a PGL n -variety Y with no stabilizer in general position by modifying this example. Note that in [Ri] the variety Z is only constructed over the field C of the complex numbers. However, by the Lefschetz principle this construction can be reproduced over any algebraically closed base field k of characteristic zero.
Consider the rational quotient map π : Z Y = Z/µ n , for the action of the center µ n of SL n on Z. Recall that (after choosing a suitable birational model for Y ), the SL n -action on Z descends to a PGL n -action on Y . In fact, this is exactly the situation we considered in the setting of Lemma 3.1 (with Γ = SL n and N = µ n ); this lemma tells us that, after replacing Y by a dense open subset Y 0 , and
for every z ∈ Z and y = π(z). Since Stab µn (z) is a finite group we see that Stab PGLn (y) and Stab SLn (z) have isomorphic Lie algebras. This shows that for every nonempty open subset V of Y there are infinitely many stabilizers Stab PGLn (y), y ∈ V , with pairwise non-isomorphic Lie algebras. In particular, the PGL n -action on Y has no stabilizer in general position.
Homogeneous fiber spaces
In this section we briefly recall the definition and basic properties of homogeneous fiber spaces. Let ϕ : H → G be a homomorphism of linear algebraic groups (defined over k) and Z be an H-variety. The homogeneous fiber space X = G * H Z is defined as the rational quotient of G × Z for the action of {1} × H, where G × H acts on G × Z via (g, h) · (g, z) = (ggϕ(h) −1 , hz). As usual, we choose a model for this rational quotient, so that the G-action on G × Z descends to a regular action on this model. Note that {1 G } × Z projects to an H-subvariety of X birationally isomorphic to Z/ ker(ϕ).
It is easy to see that G * H Z is birationally isomorphic to G * ϕ(H) (Z/ ker(ϕ)) as a G-variety; thus in carrying out this construction we may assume that H is a subgroup of G and ϕ is the inclusion map. For a more detailed discussion of homogeneous fiber spaces in this setting and further references, we refer the reader to [RV 1 , §3].
We also recall that a G-variety X is called primitive if G transitively permutes the irreducible components of X or, equivalently, if k(X) G is a field; see [Re, Lemma 2.2(b) ].
Our goal in this section is to prove the following variant of [LPR, Lemma 2.17 ], which will be repeatedly used in the sequel. 6.1. Lemma. Let ϕ : H → G be a homomorphism of linear algebraic groups (defined over k), Z be an H-variety and R be a finite-dimensional k-algebra. Let X be the homogeneous fiber space G * H Z. Assume further that G acts on R via k-algebra automorphisms (i.e., via a morphism G −→ Aut(R) of algebraic groups). Then (a) (cf. [PV, p. 161] ) k(X) G and k(Z) H are isomorphic as k-algebras.
In particular, X is primitive if and only if Z is primitive. (b) If X and Z are primitive, the algebras RMaps G (X, R)/k(X) G and
Here, as usual, RMaps H (Z, R) denotes the k(Z) H -algebra of H-equivariant rational maps Z R.
Proof. Let f : X = G * H Z R be a G-equivariant rational map. The indeterminacy locus of such a map is a G-invariant subvariety of X. Let χ : Z X be the rational map sending z ∈ Z to the image of (1 G , z) ∈ G×Z in X = G * H Z. Since G·χ(Z) is dense in X, χ(Z) cannot be contained in the indeterminacy locus of f . Thus the map
It is easy to see that ψ has an inverse. Indeed, given H-equivariant rational map λ : Z R, we define a G-equivariant map λ ′ : G×Z R by (g, z) → gλ(z). Since λ ′ (gϕ(h) −1 , hz) = λ ′ (g, z) for every g ∈ G and z ∈ Z, and X = (G × Z)/H, the universal property of rational quotients tells us that λ ′ descends to a G-equivariant rational map f : X R. Moreover, by our construction ψ(f ) = f • χ = λ, so that the map RMaps H (Z, R) → RMaps G (X, R) taking λ to f is the inverse of ψ.
We are now ready to complete the proof of Lemma 6.1. To prove part (a), we apply the above construction in the case where R = k, with trivial G-action. Here RMaps G (X, k) = k(X) G , RMaps H (Z, k) = k(Z) H , and ψ is the desired isomorphism of k-algebras. To prove part (b), note that if we identify elements of k(X) G (respectively, k(Z) H ) with G-equivariant rational maps X R (respectively, H-equivariant rational maps Z R) whose image is contained in k ·1 R then ψ is an algebra isomorphism between RMaps G (X, R)/k(X) G and RMaps H (Z, R)/k(Z) H .
Proof of Theorem 1.1
We begin with a simple observation. Let X be the associated G × PGL nvariety for the G-action on A. Let Y be a PGL n -variety, which is a birational model for X/G. Then by the universal property of rational quotients (see, e.g., [PV, ], [Re, Remark 2.4] or [RV 3 , Remark 6.1]),
Thus Theorem 1.1 is a special case of the following result (applied to the conjugation action of Γ = PGL n on R = M n ).
7.2. Proposition. Let R be a finite-dimensional k-algebra, and Γ a linear algebraic group, acting on R by k-algebra automorphisms (i.e.
, via a morphism Γ −→ Aut(R) of algebraic groups). If a primitive Γ-variety Y has a stabilizer S ⊂ Γ in general position then RMaps
Here we view RMaps Γ (Y, R) as a K-algebra, where K = k(Y ) Γ . Note that K is a field since Y is a primitive Γ-variety (the latter means that Γ transitively permutes the irreducible components of Y ). We also recall that the stabilizer in general position is only defined up to conjugacy in Γ; we choose a particular subgroup S ⊂ Γ in this conjugacy class. Of course, replacing S by a conjugate subgroup does not change the isomorphism type of R S /k.
Proof. We will proceed in two steps.
Step 1 
On the other hand, by [Re, Lemma 7.4(b) 
and RMaps Γ (Γ × Y 0 , R) have the same dimension over k(Y 0 ), this map is an isomorphism. In other words, RMaps Γ (Y, R) is a K-form of R. This completes the proof of Proposition 7.2 in the case that S = {1}.
Step 2. We will now reduce the general case to the case considered in Step 1. Let Z be the union of the components of Y S of maximal dimension, and let N = N Γ (S) be the normalizer of S in Γ. Note that Z is an N -variety. By [RV 1 , Lemma 3.2], Y is birationally isomorphic to Γ * N Z, as a Γ-variety. By Lemma 6.1, Z is primitive since Y is, and
Thus it suffices to show that RMaps N (Z, R)/k(Z) N is a form of R S /k. Recall that S acts trivially on Z (because Z is, by definition, a subset of Y S ); hence, the image of every N -equivariant map from Z to R will actually lie in R S . In other words,
Moreover, k(Z) N = k(Z) N/S . We now show that the N/S-action on Z is generically free; the desired conclusion will then follow from the result of
Step 1. Equivalently, we want to show that Stab N (z) = S for z ∈ Z in general position. Clearly, S ⊂ Stab N (z) for any z ∈ Z ⊂ Y S . To prove the opposite inclusion, it is enough to show that S = Stab Γ (z) for z ∈ Z in general position. Indeed, by the definition of S, Stab Γ (y) is conjugate to S for y ∈ Y in general position. Since ΓZ is dense in Y , Stab Γ (z) is conjugate to S for z ∈ Z in general position. Since we know that S ⊂ Stab Γ (z) we conclude that S = Stab Γ (z) for z ∈ Z in general position, as desired.
We conclude this section with a simple corollary of Theorem 1.1.
Corollary. Consider a tame action of G on a central simple algebra
A with associated stabilizer S ⊂ PGL n . Let N be the normalizer of S in PGL n . If A G is a division algebra then M N n = k. Proof. Let X be the associated G×PGL n -variety. Set Y = X/G, and denote by Z the union of the irreducible components of Y S of maximal dimension. Recall from the proof of Theorem 1.1 that 
Proof of Corollary 1.2
In this section we spell out what Theorem 1.1 says in the case where the Gaction on A is very tame. Here the associated stabilizer subgroup S ⊂ PGL n is reductive, and hence so is the preimage S * of S in GL n . Thus the natural n-dimensional linear representation φ : S * ֒→ GL n decomposes as a direct sum of irreducibles. Suppose φ has irreducible components φ 1 , . . . , φ r of dimensions d 1 , . . . , d r , occurring with multiplicities e 1 , . . . , e r , respectively. Note that d 1 e 1 +· · ·+d r e r = n. Our main result is the following proposition. Corollary 1.2 is an immediate consequence of parts (a), (b) and (c). 
Part (a) now follows from Theorem 1.1.
). In view of part (a), the maximal degree of an element of A G over K is the same as the maximal degree of an element of M e 1 (k) × · · · × M er (k) over k. The latter is easily seen to be e 1 + · · · + e r .
(c) Once again, in view of part (a), we only need to show that the maximal degree of a central element of M e 1 (k) × · · · × M er (k) over k is r. The center of M e 1 (k) × · · · × M er (k) is isomorphic, as a k-algebra, to k × · · · × k (r times), and part (c) follows.
(d) Let V i be the unique S * -subrepresentation of k n isomorphic to φ e i i . The normalizer N (S * ) clearly permutes the subspaces V i (and hence, the representations φ i ); we want to show that this permutation action is transitive. Assume the contrary: say, {φ 1 , . . . , φ s } is an N (S * )-orbit for some s < r. Then
where ≃ denotes an N (S)-equivariant isomorphism of k-algebras. Now let X be an associated G × PGL n -variety for the action of G on A, Y = X/G, and Z be the union of the components of maximal dimension of Y S , as in the proof of Proposition 7.2. Then,
This shows that A G is not simple.
Proof of Theorem 1.3
We begin with some preliminaries on Galois cohomology. Let F/k be a finitely generated field extension and Γ/k be a linear algebraic group. Let Γ-Var(F ) be the set of isomorphism classes of generically free Γ-varieties X with k(X) Γ = F . Note that since k(X) Γ is a field, X is necessarily primitive, i.e., Γ transitively permutes the irreducible components of X; see Section 6. Recall that H 1 (F, Γ) is in a natural bijective correspondence with Γ-Var(F ); see, e.g., [P, (1. 3)]. We can thus identify H 1 (F, Γ) with Γ-Var(F ). If α : Γ → Γ ′ is a homomorphism of algebraic groups then the induced map α * : H 1 (F, Γ) → H 1 (F, Γ ′ ) is given by Z → Γ ′ * Γ Z; this follows from [P, Theorem 1.3.3(b) ] (see also [KMRT, Proposition 28.16 
]).
If Γ is the automorphism group of some finite-dimensional k-algebra R then, as we remarked before the statement of Theorem 1.3, elements of H 1 (F, Γ) are also in a natural bijective correspondence with the set of isomorphism classes of F -forms of R. These two interpretations of H 1 (F, Γ) can be related as follows: the algebra corresponding to the Γ-variety W is B = RMaps Γ (W, R); cf. [Re, Proposition 8.6 ]. Here, as usual, RMaps Γ stands for Γ-equivariant rational maps.
We are now ready to proceed with the proof of Theorem 1.3. We fix n ≥ 1 and a subgroup S ⊂ PGL n . For notational convenience, set H = Aut(M S n ). Consider the following diagram:
This diagram shows that the image of the map α * : H 1 (F, N/S) → H 1 (F, H) consists of all classes in H 1 (F, H) corresponding to algebras B/F of the form
and k(H * N/S Z) H ≃ k(Z) N/S ; see Lemma 6.1. Consequently, [B] lies in the image of α * if and only if there exists a generically free primitive N/Svariety Z such that B ≃ RMaps N/S (Z, M S n ) and F ≃ k(Z) N/S , i.e., if and only if condition (c) of the following lemma is satisfied.
We will say that an F -algebra B is a fixed algebra with associated stabilizer S ⊂ PGL n if there exists a tame action of an algebraic group G on a central simple algebra A/K of degree n with associated stabilizer S such that B ≃ A G and F ≃ K G . In other words, B/F is a fixed algebra with associated stabilizer S if it satisfies condition (a) of Theorem 1.3. Hence Theorem 1.3 follows from the following result: 9.1. Lemma. Let B be an F -algebra, S a subgroup of PGL n , and N = N PGLn (S). The following are equivalent: 
Here X is an irreducible G× PGL n -variety, such that the PGL n -action on X is generically free, and the projection of Stab G×PGLn (x) to PGL n is conjugate to S for x ∈ X in general position. To write B and F as in (b), take Y = X/G; see (7.1).
(b) =⇒ (c): Take Z to be the union of the components of Y S of maximal dimension, as in Step 2 of the proof of Proposition 7.2.
(c) =⇒ (b): Take Y to be the homogeneous fiber space PGL n * N Z, and use Lemma 6.1 and (7.4). Note that Y is irreducible since k(Y ) PGL n is a field and PGL n is connected. A simple computation shows that S is the stabilizer in general position for the PGL n -action on Y .
(b) =⇒ (a): Use Lemma 5.2, with H = PGL n to reconstruct X from Y . Note that here G can be any connected linear algebraic group containing PGL n .
This completes the proof of Lemma 9.1 and thus of Theorem 1.3.
An example
We will now illustrate Theorem 1.3 with an example. Fix an integer n ≥ 1 and write n = d 1 e 1 + · · · + d r e r for some positive integers d 1 , e 1 , . . . , d r , e r . A partition of n of this form naturally arises when an n-dimensional representation is decomposed as a direct sum of irreducibles of dimensions d 1 , . . . , d r occurring with multiplicities e 1 , . . . , e r , respectively; in particular, the integers d i and e i came up in this way at the beginning of Section 8. For this reason τ = [(d 1 , e 1 ) , . . . , (d r , e r )] is often referred to as a "representation type"; cf. [LBP] .
Choose vector spaces V 1 , W 1 , . . . , V r , W r , so that dim V i = d i and dim W i = e i and an isomorphism
, where I W denotes the identity linear transformation W → W . Let N * τ be the normalizer of S * τ in GL n . Denote the image of S * τ under the natural projection GL n → PGL n by S τ and the normalizer of S τ in PGL n by N τ . The purpose of this section is to spell out what Theorem 1.3 tells us for
Our goal is to determine which forms of M Sτ n occur as fixed algebras with associated stabilizer S τ .
Note that reordering the pairs (d i , e i ) will have the effect of replacing S τ by a conjugate subgroup of PGL n . Since the group S in Theorems 1.1 and 1.3 is only defined up to conjugacy, we are free to order them any way we want. In particular, if there are t distinct numbers f 1 , . . . , f t among e 1 , . . . , e r , occurring with multiplicities r 1 , . . . , r t , respectively, we will, for notational convenience, renumber the pairs (d i , e i ) so that τ assumes the form
Suppose that for each fixed i, exactly l i numbers occur among d i1 , . . . , d ir i , with multiplicities r i1 , r i2 , . . . , r il i . We order the pairs (
so that the first r i1 of the d ij s are the same, the next r i2 are the same, and so on. Clearly
Note that Aut(M 
(Recall that r i = r i1 + · · · + r il i for each i.)
Note that this lemma says that α embeds N τ /S τ in Aut(M Sτ n ) as a subgroup of finite index. In particular, the image of α contains the connected component
Proof. First of all, note that we may replace N τ /S τ by N * τ /S * τ ; these two groups are isomorphic and act the same way on M Sτ n . We claim that the homomorphism α : N * τ /S * τ → Aut(M Sτ n ) is injective. Indeed, the kernel of the action of N * τ on M Sτ n is the centralizer of M Sτ n = (I V 1 ⊗ End(W 1 )) × · · · × (I Vr ⊗ End(W r )) in GL n . Using Schur's Lemma, as in the proof of Proposition 8.1(a), we see that this centralizer is
, and the claim follows. Thus α is injective, and we only need to determine which automorphisms of Aut(M Sτ n ) ≃ M e 1 × · · · × M er can be realized as conjugation by some g ∈ N * τ . Taking g = (I V 1 ⊗ a 1 , . . . , I Vr ⊗ a r ) and letting a i range over GL(W i ), we see that every element of
lies in the image of α.
Let us now view k n as an n-dimensional representation of the group S * τ ≃ GL d 1 × · · · × GL dr , as we did at the beginning of this section. Any g ∈ N * τ permutes the isomorphism types of the irreducible representations V 1 , . . . , V r of S * τ ; it also permutes the isotypical components V 1 ⊗ W 1 , . . . , V r ⊗ W r of this representation (as subspaces of k n ). If g maps the isotypical component V i ⊗ W i to the isotypical component V j ⊗ W j then their dimensions d i e i and d j e j have to be the same. The dimensions d i and d j of the underlying irreducible representations V i and V j also have to be the same. In other words, this is only possible if (d i , e i ) = (d j , e j ).
Conversely, if (d i , e i ) = (d j , e j ) then a suitably chosen permutation matrix g ∈ N * τ , will interchange V i ⊗ W i and V j ⊗ W j and preserve every other isotypical component V m ⊗ W m for m = i, j. These permutation matrices generate the finite subgroup
j=1 Sym r ij of Aut(M Sτ n ). Now let g be any element of N * τ . After composing g with a product of permutation matrices as above, we arrive at a g 0 ∈ N * τ which preserves every isotypical component V i ⊗ W i . Conjugating by such a g 0 will preserve every factor 
Proof.
Recall that H 1 (F, Aut(R)) = {F -forms of R}. Now suppose R 1 , . . . , R m are k-algebras, R = R 1 × · · · × R m , G i = Aut(R i ) and G = Aut(R 1 ) × · · · × Aut(R m ). Then the natural inclusion G 1 × · · · × G r ֒→ Aut(R) induces a morphism from
to H 1 (F, Aut(R)) which maps (A 1 , . . . , A m ) to A = A 1 × · · · × A m . Here A i is an F -form of R i (and hence, R is an F -form of A).
In the language of G-varieties, the first isomorphism says that X is a generically free primitive G-variety if and only if X is birationally isomorphic (as a G-variety) to the fiber product X 1 × Y · · ·× Y X m , where X i is a primitive generically free G i -variety such that X i /G i ≃ Y is a model for F (Y is the same for each i). Note that X 1 can be recovered from X as the rational quotient X/(G 2 × · · · × G m ); similarly for X 2 , . . . , X m . The second map is given by the natural isomorphism RMaps G (X, R) ≃ RMaps G 1 (X 1 , R 1 ) × · · · × RMaps Gm (X m , R m ) of F -algebras.
We now apply this to the homomorphism α : N τ /S τ → Aut(M clearly cannot be written as a non-trivial direct product of more than t F -algebras. Thus l 1 + · · · + l t ≤ t, i.e., l 1 = · · · = l t = 1, and (a) follows.
10.4. Corollary. Every finite-dimensional semisimple algebra B/F (where F is a finitely generated field extension of k) appears as A G /K G for some very tame geometric action of a linear algebraic group G on a central simple algebra A with center K.
Note that here we make no assumption on the degree of A or on the associated stabilizer. However, the proof will show that the associated stabilizer can always be taken to be the reductive group S τ , where τ = [ (1, e 1 ) , . . . , (1, e r )] for suitable positive integers e 1 , . . . , e r .
Proof. Every semisimple algebra is a form of A = M e 1 × · · · × M er for some positive integers e 1 , . . . , e r . Now set n = e 1 + · · · + e r , d 1 = · · · = d r = 1 and τ = [ (1, e 1 ) , . . . , (1, e r )]. Then M Sτ n ≃ A and the conditions of part (a) of Corollary 10.3 are satisfied for this choice of τ . Hence, every form of A appears as a fixed algebra (with associated stabilizer S τ ).
